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1. INTRODUCTION 
Consider the Cauchy problem 
in Wx(0, co) (1.1) 
(1.2) 
u(x,O)=c6(x) in R” (1.3) 
in which m > 1, p > 1, n 2 1, c > 0, and 6(x) denotes the Dirac mass at the 
origin. 
It was shown in [4, lo] that: 
I. If p > m + (2/n), then Problem (I) has no solution. 
II. If 1 c: p <m + (2/n), then Problem (I) has a solution. 
III. Let 1 <p-cm + (2/n), and let u(x, t) be a solution of 
Problem (I), then 
P{U(X, t)-E(x, t)] -0 ast-0 
uniformly in R”, where 
6 = m - 1 + (2/n) 
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and E denotes the Barenblatt-Pattle solution [3, 131 of the porous media 
equation 
24, = Lqu”) in R” x (0, co). 
It is given by 
E(x, t) = t-““h(<), < = Ixl/t”““, 
where 
in which a(n, m) = { 2m(n + 2)) my (y = l/(m - l)), to is chosen so that E 
has mass c, and [z] + = max(0, z}. 
In a recent paper [S] it was shown that when m = 1, there exists a 
function W(x, t), which satisfies (l.l), (1.2) and has the properties 
W is smooth in R” x [0, co) except at (0,O) 
W(x,O)=O for all XEW\{O} 
W is more singular than E at (0,O). 
(1.4) 
(1.5) 
(1.6) 
It is related to the singular solutions I’,. of Problem (I) by the property [ 111 
lim V,. = W. 
(“x2 
This very singular solution W turns out to play an important role in the 
description of both the short- and the long-time behaviour of positive 
solutions of Eq. (1.1). 
For the short-time behaviour it provides, together with the one- 
parameter family of singular solutions I’,. of Problem (I), a complete 
description of the possible types of singular behaviour at the point (0,O) 
[ 121. For the long-time behaviour of solutions u(x, t) of the Cauchy 
Problem for (1.1 ), (1.2) it provides the asymptotic form when the initial 
function decays sufficiently fast as 1x1 + co: 
t”(P- ‘){u(x, t) - W(x, t,} + 0, ast+co 
uniformly in R” [7, 81. 
In this paper we shall show that if m > 1, such a very singular solution W 
also exists provided 
m < p cm + (2/n). (1.7) 
As in [S], W is a similarity solution of (1.1). It is of the form 
W(x, t)=t- l/(p- I ‘f( ~x~/tl/l’), 
505/65/3-8 
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where 
o=m- l)l(P-m). 
In order that W satisfies (1.1) ( 1.2), (1.4), and (lS),fmust be a solution of 
the problem 
(1.8) 
f 
f>O on K4~) 
f'(O) = 0, lim n *l(p -y(q) = 0. rl+00 
THEOREM. Suppose n > 1, m > 1, and m < p < m + (2/n). Then there 
exists a solution f of Problem (II); f has compact support. 
The singularity of W at (0,O) is stronger than that of E, since, for 
instance, 
E(O, t) = h(O) t- I/cm - 1 +(2/d), 
and, by (1.7), 
p-km-1+(2/n). 
The solution f we obtain does not satisfy the differential equation (1.8) in 
a classical sense. It is an absolutely continuous function on [O, co) such 
that (f")' is also absolutely continuous, and satisfies Eq. (1.8) almost 
everywhere. It is of the form 
where g, is some positive number. At the point q0 we find that the function 
has the property 
$rlo g’(q) = -p-m ‘lo. 2(P- 1) (1.9) 
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If we return to the original variables r = 1x1, t, and U, denoting the interface 
by 
ro(t)=qOt’lP 
we can write (1.9) as 
(sum-y (rdt), t) = -4(t). 
(See also [ 1, 61.) 
2. PRELIMINARIES 
We consider the problem 
i 
(g)” + y! (um)t+~xu~+f(u)=o 
P 
for x>O (2.1) 
(A) u>O for xb0 (2.2) 
in which 
f(u,=;u-u~. (2.3) 
and a > 0, /? = 2(p - 1 )/( p - m), and p > m. Problem (II) is a special case of 
Problem (A). There 
a=2/(p-m) 
and it is required that 
iim x%(x) = 0. (2.4) .Y - co 
Following Aronson [2] we write (2.1) in terms of the variable u = urn- r: 
1 
VU” + - d2 + 
n-l 
m-l 
7 uu’ + -!- xv’ + g(u) = 0, 
mP 
where 
m-l a 
g(v) = - 
m S”-“’ ( > 
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and 
4= l+ {(P- l)l(m- 1)). 
We write Eq. (2.5) as a first-order system 
(B) vu” = - 1 2 -w - m-l 
x'= 1. 
Following Aronson [2] again, we now introduce the new independent 
variable t by the symbolic equation 
d d 
z=% 
This yields the system 
1” = VW 
I ’ 
n-l 
(Cl w’= - 
1 2 -w - 
m-l ( 
,,+I, w-g(v) 
mb > 
,y’ = v 
where primes now denote differentiation with respect to t. 
We look for a solution of (C) which has the properties 
40) > 0, w(0) = 0, x(0) = 0 
and 
lim v(t) = 0, lim x(t) < co. 
,-CC t-cc 
Note that the set of critical points of (C), restricted to the half space 
x > 0, consists of the two half lines 
L, = { (21, w, x): u = 0, w = 0, x > 0) 
L,= (v,w,x):v=0,x>0,w+- 
i 
m-l 
4 
For any given y > 0 we define the point P, E L, by 
P, = (0, - (Cm - 1 VmD) Y, Y 1. 
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To determine the local behaviour of the flow near P,, we linearize (C) near 
P,. This yields a linear system with coefficient matrix 
m-l 
-- 
4 
Y 0 0 
A= %(n-1-a) -$y &+ 
1 0 0 
The eigenvalues of A are 
m-l 
A,= --y, 
mb 
I,=$, 
ml3 
1, =o 
and their associated eigenvectors are 
e,= 1, ( { 
m-l -p-n)+ 1 
1 
;,2!? 
m-l y > 
e,= (0, 120) 
( 
m-l 
e3= 0, --, 
4 
1 
) 
A standard result from the theory of ordinary differential equations 
[9, p. 127) yields the following results about orbits approaching L, as 
t+ m. 
LEMMA 1. For each y > 0 there exists a unique (up to translation) non- 
constant solution 
wt, Y) = (u(4 Y), W(& Y), 46 Y)) 
of system (C) which has the property 
lim U(t, y) = P,. 
I--r5 
In addition, as t + co, U(t, y) enters P, along the eigenvector e, at P,. 
Since 1, and e, depend continuously on y when y > 0, we may choose the 
translations so that U(0, y) is a continuous function of y. The following 
lemma then follows from the continuous dependence of solutions of an 
ordinary differential equation which depends on a parameter. 
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LEMMA 2. Let y* > 0. Given constants E > 0, T> 0 there exists a constant 
6>0 such that ifly-y*l ~6, then 
IU(t,y)-U(t,y*)l<E foralltkT. 
Here 1.1 denotes the usual norm in R3. 
To prove the existence of a solution of (A) which satisfies the asymptotic 
condition (2.4), we follow U(t, y) backwards in time from P, for different 
values of y. The objective will then be to prove that there exists a y0 > 0 
such that 
vt,, YCJEL E {( u,w,x):v>0,w=0,x=0} 
for some to > 0. One easily checks that U(t - t,, yO) is then the desired 
solution. 
The proof that such a y0 E R+ exists will be given by means of a shooting 
argument in which we compare the behaviour of U(t, y) for y small with 
that for y large. 
Remark. A shooting argument was also used in [S] to prove the 
existence of a very singular solution of ( 1.1) when m = 1. In that paper the 
shooting argument took place in a two-dimensional phase space, while in 
this paper we consider a three-dimensional phase space. The reason is that 
system (B) is singular when v = 0. Because of this singularity we introduced 
the new independent variable t, obtaining system (C). It is then natural to 
study (C) in a three-dimensional phase space. 
3. THE EXISTENCE PROOF 
It is first necessary to introduce some notation. Let 
A=(O) 3 cm - I )/(P- 1) 
s= {(u, w,x):O<v<A, w<O,x>O} 
E= {(u,w,x):O<u<A, w=O,x>O}. 
Thus, S is a quarter of the slab (0 <u < A} and E is its top. Note that on 
the right side, where v = A, g = 0 (see Fig. 1). 
Because e, points into S, the orbit U(t, y), when it emerges from P, as 
time runs backwards, will enter S. We shall denote the time when it leaves 
S again-time still running backwards-by T,,: 
T,=sup(t: U(t, y)$S). 
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FIG. 1. The sets S and E. 
If it does not leave S, i.e., U(t, y) E S for all t E R, we set TY = ‘-01). The set 
of values of y for which U(t, y) leaves S through the top will be denoted 
by G: 
6= {y>O: T,> -co and U(T,,,~)EE}. 
LEMMA 3. There exists a constant y, > 0 such that ij- y >.yl, then y 4 G. 
Proof. Set 
M=max{g(u):O,<udA} 
y,=A+ma(&+M), 
and define the set (see Fig. 2) 
N,=((v,w,x):O<u<A,w< -l,x>y,-u}. 
ww I 
FIG. 2. The set N,. 
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We compute where on the boundary 8N, of N,, U(r, y) may enter or 
leave N, On the right-hand side E, of N,, 
we have 
v’=Aw<O 
so that E, is part of the entrance set of N,. On the top E, of N,, 
E,=((v,w,x):O<v<A,w= -l,x>y,-u}, 
w’ is given by 
w’= - 1 n-1 1 -+- 
m-l ( u+-x -g(u) x mB ) 
>--&+-y-M 
mB 
1 > --+yl-A- 
m-l m/3 
M 
= 0. 
Therefore E, is part of the exit set of N,. 
The back E, of N, is given by 
E,= {(v, w,x):O<V<A, w< -1,x=?,-u), 
and the outward pointing normal vector n by ( - 1, 0, - 1). If we denote the 
vector field defined by (C) by X, we find that 
n.X= -v(w+ l)>O on E,, 
whence E, belongs to the exit set of N,. Finally, the left side E, of N, is 
readily seen to be invariant so that U(t, y) can neither leave nor enter N, 
through this side. 
Thus, trajectories can only enter N, through E, and leave through E, 
and E,. Therefore trajectories can only leave N, in backwards time 
through E,. 
If y > y, , P, E 8N, and e, points into N, . Therefore, by Lemma 1, U(t, y) 
enters N, as t runs backwards and, as we have found, it can only leave S 
through E,. Since E, n E = q4 this means that y 4 G if y > y, _ 
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Thus, if y is large enough, U(t, y) cannot leave S through E. In the next 
lemma we shall show that’ if y is small enough, U(t, y) must necessarily 
leave S through E. 
LEMMA 4. Suppose a > n. Then there exists a constant yz > 0 such that if 
O<y<yz, then LEG. 
ProsI: Choose 
and define the set (see Fig. 3) 
m-l 
(v,w,x):O<v<r,O<x<r-vu,-- 
ml? 
As in the proof of Lemma 3 we determine the entrance and exit set of N,. 
On the left-hand side E, of N,, 
m-l 
E, = (v, w, x): v = 0,O < x < r, - - 
mfl 
we have v’ = 0, x’ = 0, and 
So this side is invariant and orbits in E, converge to L,. 
On the bottom E, of N,, 
(v, w,x):O<v<r,O<x<r-v, w= 
FIG. 3. The set N, 
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the outward pointing normal vector is given by 
( m-1 nB= 0, -l,-- mD > 
(it is not normalized). If we denote the vector field determined by (C) again 
by X, we obtain 
n-l m-1 
n,.X=-vw-- u + ‘Y(V) 
X 4 
m-l 
m/3 ( 
u-n 
>-u ).(p- I)/Cmp 1) 
P > 
>o 
in view of the definition of r. Thus E, is part of the exit set. 
As to the right-hand side E, of N,, 
m-l 
(v,w,x):O<v<r,x=r-v,-- 
4 
the normal vector here is n R = (1, 0, 1) and 
n,.X=v(w+l)>O 
because on E,, v > 0 and 
m-l m-l 
w> -- 
4 
x> -- 
mP 
r> -1. 
Therefore, E, is also part of the exit set. 
FinaHy, on the top E, of N,, 
ET= {(v, w,x):O<v<r,O<x<r-u, w=O), 
we have 
w’ = -g(v) < 0 
because r < A, whence E, is part of the entrance set of NZ. 
Thus, we have shown that the entrance set of N, is E,. Therefore, if a 
trajectory leaves N2 in backwards time, it must do so through E,. 
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Suppose U(t,, y,J E N2 for some t,~ [w and y. in R+. Then, as long as 
U(c Yo) E N2, 
u’=vw<O and x’=o>O 
whence 
v(t) > u(t,) >o 
and 
x(t) < x(to) - 4kl)(~o - t), t-c to. 
Therefore, for to - r large enough, x(t) < 0, which means that U( f, yo) no 
longer lies in N,. Thus, U(t, yo) cannot stay in N, and must leave it 
through E, in finite backwards time. 
Because E,c E, the proof will be complete once we have proved that 
there exists a number y2 E lR+ such that if 0 < y < y2, then U(t, y) E N2 for t 
sufficiently large. In what follows we set yz = r. Recall from Lemma 1 that 
as t -+ co, U( t, y ) approaches P, E L, along the vector e, at P,. Hence, since 
P, E 8NZ, it s&ices to prove that the vector 
e,= 1, ( i 
m-l -p-g+1 pL.1 
I m-l y ) 
points from P, into N2. 
In fact, P, lies on the edge lying between the left-hand side E, and the 
bottom E, of N,. The outward pointing normals on these sides are 
n,=(-l,O,O) and nB= 
where 
and 
e,.n,= -1 <O 
1 
m-l 
e,.n,= - M(u-n)+l 
1 
+++ -m-1 (r-n)t<O 
because u > n. Thus indeed, e, points into N2. 
Let 
It follows from Lemmas 3 and 4 that 0 < y. < co. We wish to prove that 
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U(t, y,,) is the desired solution, that is, that U(t, 7”) intersects the line 
L= {(u, w,x): ?J>o, w=o, x=0}. 
The proof is broken up into a few steps. 
LEMMA 5. On the set {y > 0: TY < CC }, U( T,, y) is a continuous function 
Of% 
Proof. It follows from the proof of Lemma 3 and the fact that the line 
L2~f{(U,W,X):V=A,W=0,x~0) 
is invariant that 
where 
either U(T,, y)eE or U(T,,Y)EE~ 
E,= {(u, w,x):u=A, w<O,x>O}. 
On E, w’ < 0, while on E,, u’ < 0. This implies that the trajectories can- 
not be tangent to either E or E,. Together with Lemma 2 this implies the 
desired result. 
LEMMA 6. G is an open subset of L, . 
ProofI This follows immediately from the preceding lemma and the fact 
that L, is an open set. 
COROLLARY 7. yo$G. 
LEMMA 8. U(t, y,,) is the desired solution. 
Proof. Choose a sequence {yk} c G such that 
Yk + Yo as k-co 
and let 
q/c = (o/c> wk, x/c)= VT,,, ok). 
Note that in S, x’ > 0 so that 
xk < Yk foreachkal. 
Therefore, if we set 
M=suP (Yk), 
k 
THE POROUSMEDIA EQUATION 409 
which we know is finite, it follows that the sequence (qk} lies in the 
bounded set 
E*=En ((u, w,x):O<x<M}. 
It follows that there exists a q0 E E *, the closure of E*, and a subsequence 
of {qk}, which we denote again by {qk} such that 
qk + 40 as k-m. 
From Lemma 2 we conclude that there exists a To E R u { - cc } such that 
UYO? To) = 40. 
Moreover 
UYO, t) E s for all t> To. 
Thus, since x’ = u > 0 in S, it follows that To must be finite. 
By Corollary 7, 
UYO, To) E a& 
the boundary of E. Now aE consists of three pieces: they are 
Lo= {(u, w,x):u=O, w=O,xbO} 
L’={(u,w,x):O<u<A,w=O,x=0) 
L,={(u,w,x):u=A,w=O,x~0}. 
Since Lo and L, are both invariant, we conclude that 
WY,, To) EL’, 
which means that U(y,, t) is the desired solution. 
The following theorem summarizes our results. 
THEOREM 1. Suppose m > 1, n > 1 and 
Cf>n and b>O. 
Then Problem (A) has a solution u(x) such that: 
(i) O<u(O)< (cc/~)‘“~“~‘~-~). 
(ii) There exists a number y. > 0 such that 
u(x)>0 for O<x<y, 
u(x) = 0 for y,bx< 00. 
410 
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(u m- ‘)‘(yJ= -f$$“. 
The last statement follows from the fact that 
U(t, Yo) -+ ( 
m-l 0, - - 
mfl 
Yo, Yo 
> 
as t--+co, 
which implies that W, as a function of x, satisfies 
m-l 
W(Yo) = -- 
mD 
-lo. 
Remembering that w = du/dx and u = urn- ‘, the expression for (urn - I)’ at y. 
follows. 
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